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Introduction 
The bulk of theoretical results and algorithms exist for 
linear systems, but when trying to solve real world 
problems, systems display very complex behavior and 
are consequently intrinsically nonlinear. Adaptive 
systems and artificial neural network models have proven 
to be very useful in many applications, such as: system 
identification, control, speech and image processing, 
pattern recognition and time-series analysis. A very 
important property of adaptive models is their ability to 
learn a signal-processing task from acquired examples of 
how the task should be solved. Artificial neural networks 
are proving to be more capable of solving significant 
problems, than more conventional algorithms, because it 
is an attempt to approach the functions of the human 
brain. 
 We have decided to work with time series prediction 
using a two-layer feed forward network, where the goal 
is to adapt the weights of the network to predict the 
future values of a time series signal based on the previous 
samples We have chosen to implement the neural 
network with the Gauss-Newton algorithm, Optimal 
Brain Damage (OBD) and adaptive regularization. To get 
a better understanding of neural networks, we have also 
chosen to implement the neural network from scratch 
using our own code. 

Feed-forward Networks 
The larger circles are the neurons in the network and the networks 
degrees of freedom of the network are the total number of 
weights. 
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The processing in the network is given by 
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Neural Network Training  
The neural network learns by looking at previous 
examples of a given series to predict future samples, i.e. 
the network weights are trained to recognize the time 
structure of the time series. 
 To determine the optimal weights for a prediction 
problem, one must first define the measure of the quality 
of the output prediction. The most common is to define a 
cost function as the sum of the squared differences 
between the networks predicted output )(ˆ ky and the 
expected output )(ky . This is commonly known as the 
mean-squared error (MSE) cost function.   
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All training techniques require either the computation of 
the first or second derivatives of the cost function with 
respect to the weights. 
 The back-propagation technique provides a 
computational efficient method of evaluating the first 
derivatives. This is done by propagating the error signal 

( )ke  backwards through the network via the errors (d) that 
represent the errors of the individual neurons. 

 

 
DoTraining.m 
Training iterations: 
Find weight update direction based on first derivative (and 
second derivative approximation) 
 
Do bisection until cost improvement found: 
Test network with updated weights 
If no improvement, divide weight update by two 
  
If improvement very small: 
If best weights so far: 
Store weights 
Else: 
Restore best weights 
 
Make random jump by adding a small value to all 
weights 
  
Return best weights 
 



Generalization 
In order to assess the trained networks ability to generate 
future data (i.e. time series prediction) from a new set of 
data, we need to evaluate the effectiveness of the 
network. An estimate for the generalization ability the 
MSE can be calculated for a data set, which was not 
included in the training. 
 An estimate for the generalization error is given by 
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Global minimization 
The MSE as a function of the weights often has many local 
minima. When training with the gradient descent or Gauss-Newton 
algorithm, the minimum found is often one close to the starting 
point and not necessarily the global minimum. In our 
implementation we perform a random jump if the improvement in 
an iteration is very small to avoid getting stuck in a local 
minimum. 
 
 



Gradient Descent Algorithm 
An approach to determine the weights that minimize the 
cost function is to use the stochastic algorithm; gradient 
descent with back-propagation. 
 With gradient descent the initial weight vector ( )0w is 
often chosen at random, then with each iteration the 
weights are updated such that we move a distance in the 
direction of the greatest rate of decrease of the MSE. 
This change w∆  is given by the negative gradient of the 
cost function. 

The weights are updated at each step as follows: 
( )1n n n

TSη+ = − ∇w w w  

Gauss-Newton Algorithm 
The oscillating behavior of the gradient descent 
algorithm gives rise to finding a more precise method in 
which a more direct step towards the cost functions 
minimum is needed. 
 By a incorporating the second term in the Taylor 
expansion of the cost function, we get a function of the 
form 
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The weights are updated at each iteration as follows: 
1 1n n

TSη+ −= − ∇w w H  
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Comparison of gradient descent and Gauss-Newton weight 
optimization. The training was done on the sunspot data with 11 
input and 4 hidden neurons. For larger networks, the time 
difference between Gauss-Newton and the gradient descent 
algorithm grows. This is resulted by the evaluation and inversion 
of the Hessian matrix in the Gauss-Newton algorithm.The “noise” 
in the MSE is caused by the random jumps. 

 

 



Optimal brain damage, OBD 
A network structure where all neurons in one layer are 
connected to all neurons in the next layer might not be 
optimal. The danger of too big a network is that it might 
learn the training set too well. It might also learn any 
noise in the training set. This will give a very small 
training error, but the ability to generalize is lost.  
 OBD is a method to determine the effect of each 
weight on the cost. The change in the cost function as 
result of removing a weight is called the saliency. A low 
saliency is assumed to imply that the weight has a 
negative influence on the generalization skill. The 
network optimization is done by ranking the weights 
according to saliency and then removing the least 
significant ones. 
 The change in MSE cost when setting a weight to 
zero can be computed as 
 

2
2

2

ˆ( )1 ˆ
2 j

j

S w
S w

w
τ

τδ κ
 ∂

= +  ∂ 
 

The second derivative of Sτ can be approximated with 
the following expression: 
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 can be computed using back propagation. 

 
Prepare training and generalization data 
 
Do initial training of weights in fully 
connected network 

DoTraining.m 

 
Until only two weights left: 
 
Remove weight with least saliency RemoveWeight.m 

 
Train pruned network DoTraining.m 

 
Estimate generalization error 
If best network so far: 
Save network structure 
  
  
Restore best network 
 
 
RemoveWeight.m 
Calculate saliencies 
Sort weights by saliency 
Remove least significant weight  



We start with a network where all neurons in one layer 
are connected to all neurons in the next layer. In each 
iteration, the network is trained and the weight with 
least saliency is removed. As weights are removed, the 
training error is expected to increase while the 
generalization error decreases to some point when the 
optimal network structure is found. 
 

Development in training cost and generalization error 
when removing weights. The plot show pruning of a 
network with 11 input and 4 hidden neurons using the 
sunspot data. The best generalization is seen to be 
achieved after removing about 40 weights. 
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The network is initiated with random weights, and as the weight training algorithms are not perfect two pruning runs can end 
up with very different networks and different predictions. The figures show two runs starting with 11 input and 4 hidden 
neurons. Note that the bias neurons are not shown. The samples shown in black correspond to the 11 input neurons. A 
prediction of 60 samples using the two networks is shown in magenta. 
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This is an example with a more complex data set, the Mackey glass differential equations. The initial network here has 50 input 
neurons and 5 hidden. As in the examples above, the prediction only is only valid in the first few samples. Most of our tests are 
done with smaller networks and simpler test data because the pruning is very time consuming. The pruning and training of this 
network took more than 7 minutes on a 1.6 GHz Ahtlon PC. 



 

Adaptive regularization 
Altering the training by augmenting the cost function ( )wST  
with a penalty term, which penalizes the high magnitude 
weights, can also prevent over-training. The augmented cost 
function is given by 
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 The regularization terms forces the magnitudes of the 
weights towards zero, as the error is large for large weights. 
The effect is somewhat the same as in OBD, because un-
necessary weights will become very small. It also causes the 
cost function to contain less curvature, i.e. smoothing. This 
decreases the number of local minima and hence improves the 
performance of the weight optimization algorithm. 
 The optimal regularization parameters can be found 
using a gradient descent approach similar to the one used to 
find the weights. With a validation data set, the search and 
evaluation of the optimal κ = [κI , κO] are found by 
minimizing the cross-validation estimate 

( )ˆ ˆvSΓ = w  

( )ˆ
jv jS w  is the cost function of the validation set, where ˆ jw  are 

the weights that minimize the augmented cost function CT(w). 
By updating regularization parameters as follows  
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the optimal regularization parameters can be found.  

 
 
 
FindRegulizers.m 
Evaluate MSE cost for validation data 
Training iterations: 
Find κI and κO update directions 
Do bisection until cost improvement found: 
 
Train network with updated κ DoTraining.m 

 
Test network with updated weights 
If no improvement, divide weight update by two 
 
Store new MSE cost for validation data 
  
 
The adaptive regularization can be combined with OBD so 
that the network is trained with optimized regularization 
parameters every time a weight is removed. 
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Optimization of α = κ·Ntraint  for at network with 8 input neurons and 
2 hidden neurons. The contour plot is the MSE cost function for the 
sunspot data set.  
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If the regularization parameters are chosen too large, 
the weights will become close to zero and the network 
output will be constant. 

 



Conclusion 
Most of our results were generated using the gradient 
descent algorithm because of the difference in running time, 
and often the difference in performance after a given number 
of iterations was very small. The noise we added when the 
training got stuck in a local minimum proved to be very 
effective, especially when retraining a network after 
removing a weight in OBD or adjusting κ in adaptive 
regularization. 
 The results when running our test programs varied very 
much because of the random weight initialization. We had to 
look at the tendency of many results to see the effect of our 
experiments. As expected, the predictions made with our test 
data were only good a few samples into the future. Apart 
from that, only the period of a periodic signal could be 
found, and there are easier ways to extract period times than 
using neural networks. 
 OBD very effectively reduced the network size, but in 
our matrix implementation it did not reduce the computation 
time because we only set the weights to zero and therefore 
still included them in the calculations. 
 Because of the varying results, the effect of adaptive 
regularization was hard to see. As the optimization method 
used for the regularization parameters required re-training 
several times at every iteration, the optimization process was 
very time consuming. 
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